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We study β decays within an effective theory that treats nuclei as a spherical collective core
with an even number of neutrons and protons that can couple to an additional neutron and/or
proton. First we explore Gamow-Teller β decays of parent odd-odd nuclei into low-lying ground,
one-phonon, and two-phonon states of the daughter even-even system. The low-energy constants of
the effective theory are adjusted to data on β decays to ground states or Gamow-Teller strengths.
The corresponding theoretical uncertainty is estimated based on the power counting of the effective
theory. For a variety of medium-mass and heavy isotopes the theoretical matrix elements are in
good agreement with experimental results within the theoretical uncertainties. We then study the
two-neutrino double-β decay into ground and excited states. The results are remarkably consistent
with experiment within theoretical uncertainties, without the necessity to adjust any low-energy
constants.
I. INTRODUCTION
Atomic nuclei are sensitive to fundamental interactions
beyond the strong force that binds them. Excited states
typically decay due to electromagnetic interactions emit-
ting γ rays, while unstable nuclear ground states decay
via weak interactions emitting or capturing electrons,
neutrinos, or their antiparticles. Nuclei are also used as
laboratories due to their sensitivity to new-physics inter-
actions beyond the Standard Model [1–3].
The weak interaction is closely connected to ground-
state decays. Almost every unstable isotope lighter than
208Pb decays either via β decay or electron capture. The
associated half-lives can range from milliseconds to bil-
lions of years, with the corresponding nuclear transition
matrix elements varying by three or more orders of mag-
nitude. This wide range makes theoretical predictions
of β decay and electron capture particularly challeng-
ing tests of nuclear-structure calculations. Reliable pre-
dictions are also especially important for astrophysics
because β-decay half-lives of experimentally inaccessible
very neutron-rich nuclei set the scale of the rapid-neutron
capture, or r-process, which is responsible for the nucle-
osynthesis of heavy elements [4–6].
Ab initio calculations of β decays are still limited to
few-nucleon systems (see, e.g., Refs. [7–9]) or focus on
selected lighter isotopes [10, 11]. For medium-mass and
heavy nuclei theoretical studies typically use the quasi-
particle random-phase approximation (QRPA) (see, e.g.,
Refs. [12–18]), sometimes combined with more macro-
scopic calculations [19], and when possible the nuclear
shell model (see, e.g., Refs. [20–23]). The agreement of
these many-body calculations with experimental data de-
mands fitting part of the nuclear interactions and/or the
effective operators, such as the isoscalar pairing for the
QRPA or a renormalization (“quenching”) factor for the
transition operator in shell model calculations [24, 25].
At present, the predictions made by different methods for
non-measured decays disagree by factors of a few units.
Furthermore, in these phenomenological calculations it is
difficult to provide well founded estimates of the associ-
ated theoretical uncertainties.
Second-order processes in the weak interaction,
double-β (ββ) decays, have been observed in otherwise
stable nuclei. They exhibit the longest half-lives mea-
sured to date, exceeding 1019 years [26]. This decay mode
is via two-neutrino ββ (2νββ) decay, to distinguish it
from an even more rare type of ββ decay without neu-
trino emission, neutrinoless ββ (0νββ) decay, which is
so far unobserved. The latter process is not allowed by
the Standard Model since it violates lepton number con-
servation, and can only occur if neutrinos are their own
antiparticles. 0νββ decay is the object of very intense
experimental searches [27–30] with the goal of elucidat-
ing the nature of neutrinos. The calculation of matrix
elements for ββ decays is specially subtle [31–34]. It
faces challenges similar to those of β decays, with the
additional difficulty that ββ decays are suppressed. As
with β decays, calculations by different many-body ap-
proaches of unknown nuclear matrix elements vary by
factors of a few units. The prediction of reliable ma-
trix elements with theoretical uncertainties is especially
pressing for the interpretation and planning of present
and future 0νββ decay experiments.
The goal of this work is to use an effective theory
(ET) framework to study the β, electron capture, and
ββ decays of medium-mass and heavy nuclei. Calcula-
tions within an ET can provide transition matrix ele-
ments with quantified theoretical uncertainties, and are
therefore a good complement to existing many-body β-
decay studies. We focus on Gamow-Teller (GT) transi-
tions for which experimental data are available, leaving
the study of 0νββ decay for future work. The ET used
here is valid for transitions involving spherical systems,
because nuclei are treated as a spherical collective core
coupled to a few nucleons.
Over the past decades, ETs have been applied to de-
scribe the low-energy properties of nuclei. Effective the-
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2ories exploit the separation of scales between the low-
energy physics governing the processes of interest, which
are treated explicitly, and the high-energy physics whose
effects are integrated out and encoded into low-energy
constants (LECs) that must be fit to experimental data.
The ET is formulated in terms of the low-energy degrees
of freedom (DOF) and their interactions, consistent with
the symmetries of the underlying theory. The ET of-
fers a systematic order-by-order expansion based on a
power counting given by the ratio of the low-energy over
the breakdown scale, at which the ET is no longer valid.
This also allows for the quantification of the theoretical
uncertainties at a given order in the ET [35–38].
Effective field theories have been very successful in de-
scribing two- and three-nucleon forces in terms of nucleon
and pion fields [39–43]. In combination with powerful ab
initio methods, chiral interactions have been employed
to calculate low-energy properties of light and medium-
mass isotopes (see, e.g., recent reviews [44–48]). Com-
plementary, a different set of ETs has been proposed to
describe heavy nuclei in terms of collective DOF [49–55].
In particular, the ET developed in Refs. [54, 55] describes
the low-energy properties of spherical even-even and odd-
mass nuclei in terms of effective single-particle DOF cou-
pled to a collective spherical core. Using this approach,
the low-energy spectra and electromagnetic properties
of even-even and odd-mass nuclei (the latter with 1/2
−
ground states) were described consistently, in good agree-
ment with experiment [55]. The electromagnetic strength
between low-lying states, including magnetic dipole tran-
sitions in odd-mass systems, was predicted successfully.
Since for β decays the relevant physics is expected to be
like that of magnetic dipole transitions, the ET frame-
work offers a promising approach to describe β, electron
capture, and ββ decays in nuclei.
This paper is organized as follows. Section II serves as
a short summary of key elements from the theory of β,
electron capture and ββ decays. Section III begins with
a brief introduction to the ET of spherical even-even nu-
clei followed by an extension of the theory to account for
the low-lying states of odd-odd nuclei. Next we discuss
the GT transition operator that enters β decays as well
as methods to fix the associated LECs. In Sec. IV we
present our ET results for β decay matrix elements of
spherical odd-odd nuclei with 1+gs ground states into final
states of even-even nuclei corresponding to different col-
lective ET excitations. We compare the ET predictions
with experimental data, including the estimated theoret-
ical uncertainties. In Sec. V we test the ability of the ET
to consistently describe β and 2νββ decays, without the
necessity to adjust additional LECs. We conclude with
a brief summary and outlook in Sec. VI.
II. TYPES OF β DECAYS
A. Single-β decay and electron capture
The most common weak interaction process is β decay.
Here either one of the N neutrons in a nucleus decays into
a proton (β− decay), or one of the Z protons decays into
a neutron (β+ decay). The total number of nucleons A
remains the same. For the electric charge, lepton number,
and angular momentum to be conserved, it is required
that an electron (e−) or positron (e+) be emitted along
with an electron antineutrino (νe) or neutrino (νe):
A(Z,N)
β−−→ A(Z + 1, N − 1) + e− + νe , (1)
A(Z,N)
β+−→ A(Z − 1, N + 1) + e+ + νe . (2)
Alternatively, proton-rich nuclei can undergo a third pro-
cess, an electron capture (EC), which involves the cap-
ture of an electron by a proton, yielding a neutron.
Again, conservation of energy, angular momentum, and
lepton number requires an electron neutrino to be emit-
ted:
A(Z,N) + e− EC−→ A(Z − 1, N + 1) + νe . (3)
At lowest order in the weak interaction, it is possible
to distinguish two types of dominant, so-called allowed,
transitions. Gamow Teller and Fermi (F) decays differ in
the spin dependence of the associated one-body operator.
The GT and F operators are defined as
OGT =
A∑
a=1
σaτ
±
a , (4)
OF =
A∑
a=1
τ±a , (5)
where σ denotes the spin, τ+ (τ−) is the isospin rais-
ing (lowering) operator, and a sum is performed over all
nucleons in the nucleus.
In this work, we focus on allowed GT transitions,
whose decay rates are related to the reduced matrix ele-
ments of the GT operator in Eq. (4) between the corre-
sponding initial (i) and final (f) nuclear states:
MGT = 〈f ||OGT||i〉 . (6)
The decay’s half-life is given by
1
tif
=
fif
κ
g2A |MGT|2
2Ji + 1
, or (ft)if =
κ
g2A
2Ji + 1
|MGT|2
. (7)
Here the phase-space factor fif contains all the informa-
tion on the lepton kinematics, κ = 6147 s is the β-decay
constant, gA = 1.27 is the axial-vector coupling, and Ji
denotes the total angular momentum of the initial state.
The quantity (ft)if ≡ fif tif is known as the ft-value
and is directly comparable to the transition nuclear ma-
trix element.
3B. 2νββ decays
In the 2νββ decay, two neutrons of the parent even-
even nucleus decay into two protons. Two electrons
and antineutrinos are emitted as well due to charge and
lepton-number conservation:
A(Z,N)
2β−−→ A(Z + 2, N − 2) + 2e− + 2νe . (8)
Such decays have been detected for several nuclei, in-
cluding a few cases of transitions into excited states [26].
At present the similar but kinematically less favored
β+β+ and the 2ν double-electron-capture (ECEC) de-
cays have only been observed in geochemical measure-
ments for 130Ba [56, 57], and there is also an indication
of a possible detection in 78Kr [58].
In principle, both GT and F operators enter the de-
scription of 2νββ decays. Nevertheless, in decays to low-
lying states of the final daughter nucleus only the GT
part is relevant. The F operator does not connect states
with different isospin quantum numbers, and its strength
is almost completely exhausted by the isobaric analog
state, which lies at an excitation energy of tens of MeVs.
The decay rate for 2νββ decay is then [34]
1
t2νββif
= G2νββif g
4
A
∣∣∣M2νββGT ∣∣∣2 , (9)
where G2νββif is a phase-space factor, and the nuclear ma-
trix element M2νββGT is given by
M2νββGT =
√
1
s
∑
n
〈f ||∑a σaτ+a ||1+n 〉〈1+n ||∑b σbτ+b ||i〉
(Dnf/me)s
,
(10)
where the electron mass me is introduced to make the
matrix element dimensionless, s ≡ 1 + 2δ2Jf with Jf =
0, 2 being the spin of the final state, and the sum runs
over all |1+n 〉 states of the intermediate odd-odd nucleus.
The energy denominators Dnf are given in terms of the
energy of the initial (i), final (f), and intermediate (n)
states by
Dnf = En − Ei − Ef
2
. (11)
III. ET FOR SINGLE-β DECAY
In this section, we formulate an ET for the GT decays
of parent odd-odd into daughter even-even nuclei. Our
approach is valid for spherical systems with low-energy
spectra and electromagnetic transitions well reproduced
by an ET written in terms of collective DOF, which at
leading order (LO) represent a five-dimensional harmonic
oscillator. The ET DOF are therefore similar to those in
the collective Hamiltonian of Bohr and Mottelson [59–
62] or the interacting boson model [63–68]. An advan-
tage is that in the ET the theoretical uncertainties due
to omitted DOF can be propagated to the nuclear ma-
trix elements and decay half-lives, allowing for a more
informed comparison of the ET predictions with experi-
mental data.
A. ET for even-even and odd-odd nuclei
The ET developed in Refs. [54, 55] describes the low-
energy properties of spherical even-even and odd-mass
nuclei in terms of collective excitations that can be cou-
pled to an odd neutron, neutron-hole, proton, or proton-
hole. The effective operators are written in terms of cre-
ation and annihilation operators, which are the DOF of
the ET. These include the following:
i) Collective phonon operators d†µ and dµ, which create
and annihilate quadrupole phonons associated with
low-energy quadrupole excitations of the even-even
core.
ii) Neutron operators n†µ and nµ, which create and an-
nihilate a neutron or neutron-hole in a jpinn single-
particle orbital with total angular momentum j and
parity pi.
iii) Proton operators p†µ and pµ, which create and anni-
hilate a proton or proton-hole in a j
pip
p orbital.
Whether the fermion operators represent a particle or
a hole depends on the odd-mass nucleus we want to de-
scribe and the even-even nucleus chosen as a core. In
Ref. [55], silver isotopes with 1/2
−
ground states were de-
scribed both as an odd proton coupled to palladium cores
and as an odd proton-hole coupled to cadmium cores.
Both descriptions turned out to be consistent with each
other. The above operators fulfill the following relations[
dµ, d
†
ν
]
= δµν ,
{
nµ, n
†
ν
}
= δµν ,
{
pµ, p
†
ν
}
= δµν .
(12)
While the creation operators are the components of
spherical tensors, the annihilation operators are not.
To facilitate the construction of spherical-tensor oper-
ators with definite ranks, we define annihilation spheri-
cal tensors with components a˜µ = (−1)ja+µa−µ, where
a = d, n, p and jd = 2.
The Hamiltonian employed in previous work to de-
scribe the energy spectra of a particular even-even nu-
cleus and an adjacent odd-mass nucleus at next-to-
leading order (NLO) is
HNLOET =ω
(
d† · d˜
)
+
∑
fl
gfl
(
d† ⊗ d˜
)(l)
·
(
f† ⊗ f˜
)(l)
,
(13)
where f can be either n or p, depending in which odd-
mass nucleus we want to describe, and ω and gfl are
LECs that must be fitted to data. The LEC accompany-
ing the LO term, ω, may be thought of as the energy of
4the collective mode. It scales as the excitation energy of
the first excited 2+ state of the even-even nucleus of in-
terest. Terms proportional to gfl are required to describe
the spectrum of the odd-mass nucleus at NLO. The en-
ergy scale Λ at which the ET breaks down lies around the
three-phonon level. Based on previous work [54], we will
set Λ = 3ω in what follows, even though the breakdown
scale might not be exactly the same for every pair of nu-
clei studied in this work. The effective operators of the
theory are constructed order-by-order adding all relevant
terms that correct the previous one by a positive power
of ε ≡ ω/Λ.
The reference state |0〉 of the ET represents the 0+gs
ground state of the even-even nucleus of interest. Multi-
phonon excitations of this state represent excited states
in the even-even system. Of particular relevance for our
work are one- and two-phonon excitations:
|2M1〉 = d†M |0〉 , and |JM2〉 =
√
1
2
(
d† ⊗ d†)(J)
M
|0〉 ,
(14)
where in the notation |JMN〉, J and M are the total
angular momenta of the state and its projection, and N
is the number of phonons. We define the coupling of
two spherical tensors as in Ref [69], and refer to Ref. [62]
for a detailed description of the construction of multi-
phonon excitations. We highlight that the ET introduced
above reproduces the low-lying spectra and electromag-
netic moments and transitions of vibrational medium-
mass and heavy nuclei within the estimated theoretical
uncertainties [54].
In a similar fashion, the ground states of adjacent odd-
mass nuclei can be described as fermion excitations of the
reference state
|jfM〉 = f†M |0〉 , (15)
while excited states in these systems are represented
by their multiphonon excitations. Even though several
single-particle orbitals may be relevant to give a full de-
scription of the odd-mass states, it is assumed that at
LO in the ET only one orbital is required to describe
the low-energy properties of these systems. The rele-
vant single-particle orbital is inferred from the quantum
numbers of the ground state of the odd-mass nucleus of
interest. This assumption works well for odd-mass nu-
clei near shell closures with 1/2
−
ground states [55]. In
these systems, a reasonable agreement was found between
the ET predictions and experimental data, regarding not
only low-energy excitations but also electric and mag-
netic moments and transitions [55].
In order to describe the allowed GT β decays of parent
odd-odd nuclei, we extend the collective ET of Refs. [54,
55] and write the low-lying positive-parity states in the
odd-odd nucleus as
|JM ; jp; jn〉 =
(
n† ⊗ p†)(J)
M
|0〉 , (16)
where the fermion operators represent particles or holes
depending on the odd-odd nucleus of interest. For ex-
ample, 80Br can be described coupling a neutron and a
proton hole to a 80Kr core, or coupling a neutron hole
and a proton to a 80Se core. The jn and jp labels in
the odd-odd state indicate the coupling of the odd neu-
tron and odd proton on top of the collective spherical
ground state. The angular momentum and parity of the
single-particle orbitals to be used are inferred from the
quantum numbers of the low-lying states of the adjacent
odd-mass nuclei. Therefore, the total angular momenta
and parities of these orbitals must fulfill the relations
|jn − jp| 6 J 6 jn + jp, and pinpip = 1 for positive-parity
states. The correction
∆HNLOET =
∑
l
l
(
n† ⊗ n˜)(l) · (p† ⊗ p˜)(l) , (17)
must be added to the Hamiltonian in Eq. (13) in order
to account for the mass difference between the even-even
and odd-odd ground states. It is important to note that
the LO calculation of single-β decays of the ground states
of odd-odd nuclei require us to construct their energy
spectra only at LO, simplifying the calculations consid-
erably as the terms proportional to gfl in Eq. (13) do
not enter at this order. Contributions due to additional
DOF relevant for excited states are taken into account
in the uncertainty estimates associated with the LO re-
sults. We stress that these uncertainties must be tested
whenever data are available, since they probe the valid-
ity of the power counting and the reliability of the LO
calculations.
B. Effective GT operator
Next we construct the operator corresponding to the
GT operator in Eq. (4), in terms of the effective DOF.
We write the most general positive-parity spherical-
tensor operator of rank one capable of coupling the low-
lying states of the parent odd-odd nucleus introduced
in Eq. (16) to the ground, one-phonon, and two-phonon
states of the daughter even-even nucleus represented in
Eq. (14). At lowest order in the number of d operators,
this operator is given by
OGT = Cβ (p˜⊗ n˜)(1)
+
∑
`
Cβ`
[(
d† + d˜
)
⊗ (p˜⊗ n˜)(`)
](1)
+
∑
L`
CβL`
[(
d† ⊗ d† + d˜⊗ d˜
)(L)
⊗ (p˜⊗ n˜)(`)
](1)
,
(18)
where Cβ , Cβ`, and CβL` are LECs that must be fit to
experimental data.
Let us discuss the effective operator of Eq. (18) in more
detail. For the allowed GT β− decay of the odd-odd nu-
cleus with N + 1 neutrons and Z − 1 protons into the
even-even nucleus with N neutrons and Z protons, the
odd-odd system is described within the ET as an even-
even core coupled to a neutron and a proton hole. For
5the decay to take place, the fermion annihilation oper-
ators must annihilate the odd neutron and proton hole.
This action represents the decay of a neutron in the odd-
odd system into a proton, which then fills the proton
hole, yielding the even-even system. An additional step
in which the odd neutron fills a neutron hole takes place
if the annihilated neutron is part of the core; however,
the ET cannot differentiate between the two processes.
For the description of the β+ or EC decay to the even-
even nucleus with N + 2 neutrons and Z − 2 protons,
it is more convenient to describe the odd-odd nucleus in
terms of the later (N + 2, Z − 2) even-even core coupled
to a neutron hole and a proton. In this case, the fermion
annihilation operators annihilate the odd neutron hole
and proton, representing the conversion of a proton into
a neutron that fills the neutron hole. Again, the addi-
tional filling of a proton hole by the odd proton follows
if the annihilated proton is in the core.
The reduced matrix elements of the effective GT op-
erator in Eq. (18) between low-lying states of the parent
odd-odd system in Eq. (16) and the daughter even-even
ground, one-phonon, and two-phonon states in Eq. (14)
are
MGT
(
J+i → 0+gs
)
=
{
−Cβ
√
3(−1)jp−jn+Ji Ji = 1
0 otherwise
, (19)
MGT
(
J+i → 2+1ph
)
=
{
CβJi
√
3(−1)jp−jn+Ji |Ji − 1| 6 2 6 Ji + 1
0 otherwise
, (20)
MGT
(
J+i → J+2ph
)
=
{
CβJ2phJi
√
6(−1)jp−jn+Ji |Ji − 1| 6 J2ph 6 Ji + 1
0 otherwise
, (21)
where the subscripts gs and nph identify the ground and
n-phonon states of the daughter even-even nucleus, re-
spectively. We also note that the LECs in Eqs. (19)–(21)
implicitly take into account additional corrections to the
GT operator in Eq. (4), such as a possible “quenching”.
C. ET GT decay to ground and excited states
The first, second, and third terms of the effective GT
operator in Eq. (18) couple states with phonon-number
differences of zero, one, and two, respectively. Thus, they
describe the β decays from the ground state of the odd-
odd nucleus to the ground, one-phonon, and two-phonon
states in the even-even nucleus, respectively. Figure 1
schematically shows the case of the β decays of 80Br into
the 0+gs, 2
+
1 , 2
+
2 and 0
+
2 states of
80Kr, identified as the
ground, one-phonon, and two-phonon states.
The LECs Cβ , CβJi , and CβJ2phJi encode the micro-
scopic information of the nuclei involved in the decay.
While the value of the LECs is not predicted by the ET,
the power counting established in previous works [54, 55]
suggests scaling factors between them. This power count-
ing is based on the assumption that at the energy scale Λ
where the ET breaks down, the matrix elements of every
term of any effective operator scale similarly.
From this assumption and the effective Hamiltonian
describing the even-even systems, it can be concluded
that at the breakdown scale Λ the matrix elements of an
operator containing n powers of d operators scale as [54]
〈dn〉 ∼
(
Λ
ω
)n/2
. (22)
For more details, we refer the reader to Ref. [54].
The power counting in Eq. (22) implies that at the
FIG. 1. Schematic representation of the relative size of the
matrix elements for the β decays of 80Br into the ground (0+gs),
one-phonon (2+1 ), and two-phonon (0
+
2 , 2
+
2 ) excited states
of 80Kr.
6breakdown scale Λ the matrix elements of the different
terms in the effective GT operator (18) scale as
Cβ〈d0〉 ∼ CβJi〈d1〉 or
CβJi
Cβ
≈ 0.58(+42−25) , (23)
and
Cβ〈d0〉 ∼ CβJ2phJi〈d2〉 or
CβJ2phJi
Cβ
≈ 0.33(+25−14) .
(24)
The resulting relative sizes of the matrix elements for
the 80Br decay are also shown schematically in Fig. 1.
The theoretical uncertainties for the above ratios have
been estimated based on the expectation for the next-
order LECs C to be of natural size, encoded into prior
distributions of the form
pr(C|c) = 1√
2pic
e−
1
2 (
C−1
c )
2
, (25)
pr(c) =
1√
2piσc
e−
1
2 (
log c
σ )
2
, (26)
with σ = log(3/2), so that a value for a LEC in the
range
√
ω/Λ ≤ C ≤ √Λ/ω with Λ = 3ω has an asso-
ciated theoretical uncertainty given by an interval of its
probability distribution function with a 68% degree of
belief. Finally, we emphasize that these theoretical un-
certainty estimates must be tested by comparing the ET
predictions to data.
D. ET GT decay to ground states and
theoretical uncertainties
The matrix elements of single-β decays to the ground
state are set by the values of the LEC Cβ , see Eq. (18),
which are to be fitted to experimental data. Within the
ET the uncertainty of these matrix elements comes from
two sources:
i) Omitted terms in the effective GT operator that
involve two d operators and couple states of odd-
odd and even-even nuclei with the same number of
phonons. The matrix elements of these terms are
expected to scale as
〈0+gs|∆OGT|J+i 〉 ∼
ω
Λ
MGT
(
J+i → 0+gs
)
. (27)
ii) Next-to-leading-order corrections to the ground state
of odd-odd nuclei due to terms in the Hamiltonian
that can mix states with phonon-number differences
of one. These corrections are expected to scale as√
ω/Λ|JM ; jp; jn〉 and are coupled to the even-even
ground state by the second term of the effective GT
operator, which contains an additional d operator.
Therefore, the corrections to the matrix elements
also scale as
〈0+gs|OGT∆|J+i 〉 ∼
ω
Λ
MGT
(
J+i → 0+gs
)
. (28)
From here, the uncertainty estimate associated to the
matrix element in Eq. (19) is
∆MGT
(
J+i → 0+gs
) ∼ ω
Λ
MGT
(
J+i → 0+gs
)
. (29)
Consequently, the uncertainty associated to the log(ft)
of the decay to the ground state is estimated as the next-
order contribution to the Taylor expansion of the loga-
rithm of the argument in Eq. (7) withMGT
(
J+i → 0+gs
) ≈
(1± ω/Λ)MGT
(
J+i → 0+gs
)
, that is,
∆ log(ft)if ∼ ω
Λ
2
ln 10
≈ 0.29 , (30)
where again we have assumed that Λ = 3ω. This un-
certainty estimate is required to compare theory with
experiment whenever Cβ is fitted to an observable.
IV. RESULTS FOR SINGLE-β DECAY
In this section we test the ET presented in Sec. III by
comparing its predictions for single-β decays of odd-odd
nuclei with experimental data. The ET assumes spherical
symmetry for the nuclei involved in the decays, and an
agreement between its predictions and experimental data
complements other successful ET predictions for spec-
tra, electromagnetic transition strengths and static mo-
ments [54, 55].
A. GT decays to excited states
We begin our calculations by studying the β decay and
electron capture of spherical odd-odd parent nuclei with
1+gs ground states into different ground and excited 0
+
and 2+ states of the even-even daughter nuclei. This
will show to which extent the ET can describe processes
involving individual nucleons and whether the transitions
scale as expected in the ET.
For each parent nucleus, the LEC Cβ can be fitted to
the transition to the ground state. Then the GT decays
into excited collective states are predicted by the ET ac-
cording to the scaling factors in Eqs. (23) and (24):
|MGT (gs→ 1ph)|
|MGT (gs→ gs)| =
√
(ft)gs−gs
(ft)gs−1ph
=
Cβ1
Cβ
≈ 0.58(+42−25) , (31)
|MGT (gs→ 2ph)|
|MGT (gs→ gs)| =
√
(ft)gs−gs
(ft)gs−2ph
=
√
2CβJ2ph1
Cβ
≈ 0.47(+35−20) . (32)
Thus, the ET predicts equal half-lives for the decays into
the even-even two-phonon states at LO. This LO result is
7similar to the prediction of collective models for electric
quadrupole transition strengths from two-phonon states
into the one-phonon state, which are predicted to be
equal at low-orders. In the ET, the degeneracy is lifted
at NLO. We also note that the ET naturally predicts
the observed successive hindering reported in Ref. [70] of
the matrix elements for GT β decays from 1+gs, 2
+
gs, and
3+gs ground states of odd-odd nuclei into 0
+
gs, 2
+
1 , and 2
+
2
states of the even-even daughter.
Figure 2 compares our ET predictions with experiment
for GT β and EC decay matrix elements for a broad
range of medium-mass and heavy odd-odd nuclei with
mass numbers from A = 62 to A = 128. All parent nu-
clei have 1+gs ground states and decay into excited 2
+
1 ,
0+2 , and 2
+
2 states of the corresponding even-even nuclei.
Within the ET, the 2+1 states are treated as one-phonon
excitations of the even-even core, while the 0+2 and 2
+
2
states are considered to be two-phonon excitations. The
ET results with uncertainties are calculated according to
Eqs. (31) and (32) after adjusting the LEC Cβ to the
matrix element of the decay to the 0+gs ground state of
the daughter nucleus. The same figure shows that most
of the experimental data, including β GT and EC de-
cays, is consistent with the ET results. Inconsistencies
are larger for the 0+2 and 2
+
2 two-phonon states where the
ET matrix elements tend to be overestimated, especially
for the β decays into 2+2 excited states around mass num-
ber A ∼ 110. This is not unexpected because two-phonon
states lie closer to the ET breakdown scale. In Table I,
we list the values corresponding to all the theoretical and
experimental matrix elements shown in Fig. 2.
B. GT decays to ground states using GT transition
strengths
In Sec. IV A, we have used experimental data on single-
β decays to ground states to fit the value of Cβ and then
predicted the matrix elements for transitions to excited
states of the same nucleus. Next, we study whether it is
possible to employ other data to fit the LECs and in turn
predict the β-decay matrix elements to ground states.
Besides weak processes, GT strengths studied in
charge-exchange reactions (via the strong interaction) are
also sensitive to the GT spin-isospin operator, because
the zero-degree differential cross section of the reaction
is proportional to the GT strength [95]
S±(i→ f) = |〈f ||στ±||i〉|2 . (33)
Therefore, reactions such as (p, n) or (3He, t) have the
same form as β− decays, while (n, p) reactions are related
to β+-like transitions. The GT strengths and β decays
of isospin-mirror nuclei have been found to be consistent
in medium-mass systems [96].
In this spirit, we can use the GT transition strengths
measured in (3He, t) charge-exchange reactions to fit the
LECs of the effective GT operator in Eq. (18). In this
way, we can predict the GT matrix elements for the tran-
sition to the 0+gs ground states of spherical even-even nu-
clei. Figure 3 shows that the ET results for the GT ma-
trix elements including the theoretical uncertainty, agree
very well with experiment in three of the four cases where
data are available. The experimental values are calcu-
lated from the log(ft)-values of the corresponding EC
decays from Refs. [72, 80, 88, 93]. The remaining results
in Fig. 3 show ET predictions for single-β decay of ad-
ditional 1+ states, which are, however, excited states of
the odd-odd system and decay via electromagnetic tran-
sitions.
The details of the ET predictions in Fig. 3 are given
in Table II, which lists the GT strengths measured in
(3He, t) charge-exchange reactions with initial even-even
and final odd-odd nuclei for A = 64–130 [97–102]. For
each reaction, Table II gives the experimental partial GT
strength to the lowest 1+1 state of the odd-odd nucleus
(the state expected to be well described by the ET). An
exception is the case of the 76Ge(3He, t)76As reaction,
where all the GT strength below 500 keV was taken into
account (as reported in Table IV of Ref. [98]), corre-
sponding to three close-lying 1+ states. The resulting
values for Cβ fit to the partial GT strength are given in
Table II including the comparison of the ET results to
the experimental log(ft)-values.
V. ET FOR 2νββ DECAY
In this section, we present the ET for the 2νββ de-
cay of spherical nuclei. The decay calculations involve a
sum over all 1+ states in the intermediate odd-odd nu-
cleus, which in general are not well described by the ET.
We overcome this limitation by assuming the single-state
dominance (SSD) approximation, which requires explic-
itly only the lowest 1+ state. The associated uncertainty
is estimated within the ET, and turns out to be compa-
rable to the uncertainty of LO ET calculations.
A. Effective 2νββ matrix elements for decays
into ground and excited states
The 2νββ decay nuclear matrix element is given in
Eq. (10). Its calculation involves a sum over the con-
tributions of all 1+ states of the intermediate odd-odd
nucleus. Since the ET is designed to reproduce only the
lowest energy states of an isotope, we use the SSD ap-
proximation, which reduces the sum to the single con-
tribution of the lowest 1+ state. The calculation of the
matrix element within the closure approximation would
yield a result with a larger uncertainty estimate, as con-
tributions from high-lying intermediate 1+ states are not
suppressed by the energy denominator. In the SSD ap-
proximation, the 2νββ decay matrix element takes the
8FIG. 2. Calculated ET matrix elements for GT β (red bands) and EC (blue bands) decays from parent odd-odd nuclei with
1+gs ground states into the 2
+
1 (a), 0
+
2 (b), and 2
+
2 (c) excited states of the daughter even-even nuclei, compared to experimental
results (black circles) from Refs. [71–94]. For details, see Table I.
9TABLE I. Experimental and calculated ET matrix elements for GT β and EC decays from parent odd-odd nuclei with 1+gs
ground states (treated as a spherical collective core coupled to a neutron and a proton) into 2+1 (one-phonon state), 0
+
2 , and 2
+
2
(two-phonon) excited states of the daughter even-even nuclei. The LECs Cβ in the effective GT operator in Eq. (18) were fitted
to reproduce the log(ft) values of decays to the 0+gs states, taking gA = 1.27. The experimental values were calculated from
the log(ft)-values for the transitions to the 0+gs, 2
+
1 , 0
+
2 , and 2
+
2 states, taken from Refs. [71–94]. The theoretical uncertainties
are estimated assuming all LECs to be of natural size.
Parent→ Daughter MGT
(
1+gs → 0+gs
)
MGT
(
1+gs → 2+1
)
MGT
(
1+gs → 0+2
)
MGT
(
1+gs → 2+2
)
Expt. ET Expt. ET Expt. ET Expt. ET
62Cu
EC−→ 62Ni 0.282(1) 0.282(94) 0.033(1) 0.163(+119−69 ) 0.107(2) 0.133(+97−56) 0.109(3) 0.133(+97−56)
64Cu
EC−→ 64Ni 0.350(2) 0.350(117) 0.190(2) 0.202(+148−85 )
66Cu
β−−→ 66Zn 0.231(14) 0.231(77) 0.206(26) 0.134(+98−56) 0.106(5) 0.109(+80−46) 0.132(2) 0.109(+80−46)
68Cu
β−−→ 68Zn 0.141(10) 0.141(47) 0.281(16) 0.081(+60−34) 0.076(26) 0.066(+49−28) 0.135(28) 0.066(+49−28)
68Ga
EC−→ 68Zn 0.270(1) 0.270(90) 0.193(1) 0.156(+114−66 ) 0.038(1) 0.127(+93−54) 0.123(1) 0.127(+93−54)
70Ga
β−−→ 70Ge 0.304(1) 0.304(101) 0.121(3) 0.175(+128−74 ) 0.206(4) 0.143(+105−61 ) 0.143(+105−61 )
80As
β−−→ 80Se 0.151(20) 0.151(50) 0.151(40) 0.087(+64−37) 0.027(22) 0.071(+52−30) 0.048(37) 0.071(+52−30)
78Br
EC−→ 78Se 0.451(5) 0.451(150) 0.312(7) 0.260(+191−110) 0.060(7) 0.213(+156−90 ) 0.054(6) 0.213(+156−90 )
80Br
β−−→ 80Kr 0.193(1) 0.193(64) 0.109(6) 0.112(+82−47) 0.072(4) 0.091(+67−39) 0.078(5) 0.091(+67−39)
80Br
EC−→ 80Se 0.494(28) 0.494(165) 0.362(21) 0.285(+209−121) 0.239(83) 0.233(+171−99 ) 0.151(50) 0.233(+171−99 )
80Rb
EC−→ 80Kr 0.367(25) 0.367(122) 0.272(25) 0.212(+155−89 ) 0.123(13) 0.173(+126−73 ) 0.124(11) 0.173(+126−73 )
82Rb
EC−→ 82Kr 0.548(3) 0.548(183) 0.396(3) 0.317(+232−134) 0.047(2) 0.259(+189−109) 0.077(2) 0.259(+189−109)
98Nb
β−−→ 98Mo 0.467(32) 0.467(156) 0.175(18) 0.269(+197−114) 0.213(25) 0.220(+161−93 ) 0.358(25) 0.220(+161−93 )
100Nb
β−−→ 100Mo 0.301(35) 0.301(100) 0.160(18) 0.174(+127−74 ) 0.151(17) 0.142(+104−60 ) 0.120(14) 0.142(+104−60 )
100Tc
β−−→ 100Ru 0.542(6) 0.542(181) 0.067(8) 0.313(+229−132) 0.323(4) 0.256(+187−108) 0.030(2) 0.256(+187−108)
102Tc
β−−→ 102Ru 0.437(7) 0.437(146) 0.108(7) 0.252(+185−107) 0.054(6) 0.206(+151−87 ) 0.034(14) 0.206(+151−87 )
104Rh
β−−→ 104Pd 0.568(7) 0.568(189) 0.135(2) 0.328(+240−139) 0.022(1) 0.268(+196−113) 0.005(1) 0.268(+196−113)
104Rh
EC−→ 104Ru 0.739(1) 0.739(246) 0.208(14) 0.427(+312−180) 0.285(59) 0.348(+255−147) 0.348(+225−147)
106Rh
β−−→ 106Pd 0.279(2) 0.279(93) 0.125(2) 0.161(+118−68 ) 0.225(5) 0.131(+96−56) 0.057(5) 0.131(+96−56)
108Rh
β−−→ 108Pd 0.190(7) 0.190(63) 0.151(70) 0.110(+80−46) 0.169(78) 0.090(+66−38) 0.107(49) 0.090(+66−38)
106Ag
EC−→ 106Pd 0.371(21) 0.371(124) 0.257(31) 0.214(+157−90 ) 0.060(22) 0.175(+128−74 ) 0.175(+128−74 )
108Ag
β−−→ 108Cd 0.656(7) 0.656(219) 0.226(8) 0.378(+277−160)
108Ag
EC−→ 108Pd 0.478(16) 0.478(159) 0.199(9) 0.276(+202−117) 0.384(18) 0.225(+165−95 ) 0.225(+165−95 )
110Ag
β−−→ 110Cd 0.500(2) 0.500(167) 0.186(5) 0.289(+211−122) 0.043(1) 0.236(+173−100) 0.023(1) 0.236(+173−100)
114Ag
β−−→ 114Cd 0.301(18) 0.301(100) 0.169(22) 0.174(+127−74 ) 0.076(27) 0.142(+104−60 ) 0.060(22) 0.142(+104−60 )
112In
EC−→ 112Cd 0.512(35) 0.512(171) 0.086(22) 0.295(+216−125) 0.083(17) 0.241(+177−102) 0.241(+177−102)
114In
β−−→ 114Sn 0.622(1) 0.622(207) 0.173(14) 0.359(+263−152)
116In
β−−→ 116Sn 0.499(3) 0.499(166) 0.127(9) 0.288(+211−122) 0.123(42) 0.235(+172−99 ) 0.075(27) 0.235(+172−99 )
118In
β−−→ 118Sn 0.431(15) 0.431(144) 0.164(34) 0.249(+182−105) 0.109(24) 0.203(+149−86 ) 0.090(20) 0.203(+149−86 )
120In
β−−→ 120Sn 0.329(8) 0.329(110) 0.254(15) 0.190(+139−80 ) 0.112(10) 0.155(+114−66 ) 0.070(9) 0.155(+114−66 )
122In
β−−→ 122Sn 0.298(34) 0.298(99) 0.223(36) 0.172(+126−73 ) 0.061(11) 0.140(+103−59 ) 0.149(28) 0.140(+103−59 )
128I
β−−→ 128Xe 0.099(1) 0.099(33) 0.060(1) 0.057(+42−24) 0.014(1) 0.047(+34−20) 0.045(1) 0.047(+34−20)
128I
EC−→ 128Te 0.319(18) 0.319(106) 0.106(7) 0.184(+135−78 )
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TABLE II. Selected (3He, t) charge-exchange reactions (first
column), experimental partial GT strengths (second column)
from Refs. [97–102], and Cβ values fitted to them (third col-
umn). The fourth and fifth columns compare the experimen-
tal and ET results for the log(ft) values of the correspond-
ing EC decays, where the experimental values are taken from
Refs. [72, 80, 88, 93].
Reaction S(0+gs → 1+1 ) Cβ log(ft)
Expt. ET
64Ni(3He, t)64Cu 0.123 0.202 4.97 4.97(29)
76Ge(3He, t)76Asa 0.210 0.265 4.74(29)
82Se(3He, t)82Br 0.338 0.336 4.53(29)
100Mo(3He, t)100Tc 0.348 0.341 4.40 4.51(29)
116Cd(3He, t)116In 0.032 0.103 4.47 5.55(29)
128Te(3He, t)128I 0.079 0.162 5.05 5.16(29)
130Te(3He, t)130I 0.072 0.155 5.20(29)
a Comprises the sum of GT strength below 500 keV, see text.
form
M2νββGT (0
+
gs → f) ≈
MGT(1
+
1 → f)MGT(0+gs → 1+1 )√
s(D1f/me)s
=
3κ√
sg2A
(
me
D1f
)s√
1
(ft)1+1 f
(ft)1+1 0
+
gs
,
(34)
where s ≡ 1 + 2δ2Jf , and we have written the latter in
terms of the matrix elements (or ft values) of single-β de-
cays or charge-exchange reactions, calculated in Sec. IV.
First, we focus on transitions to the ground state of the
final nucleus. We can estimate the uncertainty associated
FIG. 3. Calculated GT matrix elements for the transition
from the 1+1 states of odd-odd nuclei to the 0
+
gs ground
states of even-even nuclei, using as ET input the GT transi-
tion strengths measured in (3He, t) charge-exchange reactions
(blue bands), see also Table II. The ET results are compared
to experiment calculated from the log(ft)-values of the corre-
sponding EC decays (black circles) from Refs. [72, 80, 88, 93].
with the SSD approximation within the ET, as low-lying
1+ states of the odd-odd system are decribed as multi-
phonon excitations of the lowest 1+ state at LO. Thus,
their energies and GT matrix elements are expected to
be
E(1+n+1) ∼ E(1+1 ) + nω , (35)
MGT
(
0+gs → 1+n+1
) ∼ (ω
Λ
)n/2
MGT
(
0+gs → 1+1
)
, (36)
according to the power counting introduced in Eq. (22).
Under these assumptions, the uncertainty in the 2νββ
decay matrix element for the transition to the 0+gs state
due to the SSD approximation scales as
∆M2νββGT (0
+
gs → 0+gs)
∼
∑
n=1
(ω
Λ
)n MGT(1+1 → 0+gs)MGT(0+gs → 1+1 )
(D10+gs + nω)/me
=
D10+gs
Λ
Φ
(
ω
Λ
, 1,
D10+gs + ω
ω
)
M2νGT(0
+
gs → 0+gs) ,
(37)
where
Φ(z, s, a) ≡
∞∑
n=0
zn
(a+ n)s
, (38)
is the Lerch transcendent. The relative uncertainty δ is
δ(gs→ gs) =
D10+gs
Λ
Φ
(
ω
Λ
, 1,
D10+gs + ω
ω
)
. (39)
Whether this systematic error due to the SSD approx-
imation is smaller or larger than the uncertainty asso-
ciated with the order at which the matrix elements are
calculated depends on the energy scales ω, Λ and D10+gs .
Similarly to single-β decays, we can also calculate the
matrix elements for 2νββ decays into 0+2 excited states
within the ET. Figure 4 shows a diagram with the rel-
evant energy scales of the nuclei involved. In this case,
the SSD approximation is not expected to work so well,
because the contributions from the second and third 1+
states (n = 2, 3) in
M2νββGT (0
+
gs → 0+2 ) =
∑
n=1
MGT(1
+
n → 0+2 )MGT(0+gs → 1+n )
Dn0+2
/me
,
(40)
contain the same number of d operators as the first term.
Thus, based on the power counting in Eq. (22), the first
three terms are expected to scale similarly. Nevertheless,
if only the first term in Eq. (40) is considered, the 2νββ
decay matrix element takes the approximate form
M2νββGT (0
+
gs → 0+2 ) ≈
MGT(1
+
gs → 0+2 )MGT(0+gs → 1+1 )
D10+2
/me
≈
D10+gs
D10+2
MGT(1
+
1 → 0+2 )
MGT(1
+
1 → 0+gs)
M2νGT(0
+
gs → 0+gs) , (41)
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with a relative uncertainty
δ(gs→ 0+2 ) =
D10+2
D20+2
+
D10+2
D30+2
+
D10+2
Λ
Φ
(
ω
Λ
, 1,
D30+2
+ ω
ω
)
.
(42)
We can reduce this relative uncertainty assuming that
the contributions due to the first three terms are in phase.
This yields the following matrix element
M2νββGT (0
+
gs → 0+2 ) ≈
(
1 +
D10+2
D20+2
+
D10+2
D30+2
)
×
D10+gs
D10+2
MGT(1
+
1 → 0+2 )
MGT(1
+
1 → 0+gs)
M2νββGT (0
+
gs → 0+gs) ,
(43)
and the reduced relative uncertainty
δ(gs→ 0+2 ) =
ω
Λ
(
D10+2
D20+2
+
D10+2
D30+2
)
+
D10+2
Λ
Φ
(
ω
Λ
, 1,
D30+2
+ ω
ω
)
.
(44)
In Sec. V B, we compare to experimental results the 2νββ
matrix element of 100Mo decaying into the 0+2 state of
100Ru using Eqs. (41) and (43), with the uncertainties
given by Eqs. (42) and (44).
The ET can also predict 2νββ decays matrix elements
to excited 2+1 states of the daughter nucleus. Here, be-
cause energy denominators appear to the third power, we
FIG. 4. Energy scales relevant to the 2νββ decay matrix
element from the 0+gs ground state of the parent nucleus
100Mo
via the 1+ intermediate states in 100Tc to the 0+gs ground state
and 0+2 excited state of the daughter nucleus
100Ru.
only consider the contribution due to the first intermedi-
ate 1+ state. Then, matrix elements for decays into 2+1
states take the approximate form
M2νββGT (0
+
gs → 2+1 )
≈
√
1
3
m2eD10+gs
D3
12+1
MGT(1
+
1 → 2+1 )
MGT(1
+
1 → 0+gs)
M2νββGT (0
+
gs → 0+gs),
(45)
with an associated relative uncertainty given by
δ(gs→ 2+1 ) =
D3
12+1
ω3
Φ
(
ω
Λ
, 3,
D12+1
+ ω
ω
)
. (46)
This uncertainty varies from nucleus to nucleus, depend-
ing on the energy scales ω and D12+1
.
B. Results for 2νββ decay
As an example, let us first focus on the 100Mo 2νββ
decay. The relevant energy scales are shown in Fig. 4.
Setting the energy scale ω equal to the average of the ex-
citation energies of the 2+1 states in the even-even nuclei
and the breakdown scale to Λ = 3ω, Eqs. (34) and (39)
yield for the decay to the 100Ru ground state
M2νββGT (0
+
gs → 0+gs) ≈ 0.111(38) , (47)
where we have fitted the LECs of the ET to the ex-
perimental single-β and EC decays and the uncertainty
given is thus dominated by the SSD approximation from
Eq. (39). We note that the uncertainty due to the SSD
approximation (35% in this case) is of the same order
as the uncertainty associated with the effective nuclear
states and GT operator used to calculate the single-β
decay matrix elements at LO. Therefore, the SSD ap-
proximation is appropriate to obtain 2νββ decay matrix
elements at LO.
Figure 5 shows the ET results for the 2νββ and
2νECEC decays of several nuclei with mass number from
A = 64 to A = 130. The LECs of the ET are again fit-
ted to experimental single-β and/or EC decays, or to GT
strengths if the former are not available. The results, as
well as the GT matrix elements used for both single-β de-
cay branches, are also given in Table III. In some cases,
for which there is no experimental data on single-β de-
cay, EC decay or GT strengths, the GT matrix elements
were assumed to be similar for both β decay branches, as
indicated in Table III. The similarity of the two matrix
elements is a prediction of the ET. The top panel in Fig. 5
shows that the theoretical results with uncertainties for
decays to the ground state of the daughter nucleus agree
remarkably well with experimental data when available.
We provide additional ET predictions for the kinemati-
cally less favored 2νββ decays and 2νECEC transitions.
While the 2νββ decays from 48Ca, 96Zr, 136Xe, and 150Nd
12
FIG. 5. Calculated ET matrix elements for 2νββ (red bands) and 2νECEC (blue bands) decays to low-lying collective ground
(a) and excited 0+2 (b) and 2
+
1 (c) states of the daughter nuclei, in comparison with experiment (black bars). The LECs of
the ET are fitted to single-β and/or EC decays (or to GT strengths if the former are not available) The experimental matrix
elements are taken from Ref. [26].
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TABLE III. 2νββ and 2νECEC matrix elements for the decays to low-lying collective states of the daughter nuclei. The values
for the LEC ω are listed in the second column. The LECs of the effective GT operator are fitted to reproduce the matrix
elements for single-β and/or EC decays, or GT strengths from charge-exchange reactions if the former are not available (third
and fourth columns). Calculated decays into ground states (sixth column) assume the SSD approximation, while decays to 0+2
(eighth column) and 2+1 (nineth column) excited states are calculated according to Eqs. (43) and (44) and Eqs. (45) and (46),
respectively. Experimental data for decays to ground (fifth column) and excited (seventh column) 0+ states are taken from
Ref. [26].
Decay ω[keV] MGT M
2νββ/ECEC
GT (0
+
gs → 0+gs) M2νββ/ECECGT (0+gs → 0+2 ) M2νββ/ECECGT (0+gs → 2+1 )
(0+gs→1+1 ) (1+1→0+gs) Expt. ET Expt. ET ET
64Zn
ECEC−→ 64Ni 1168.7 0.239 0.350 0.038(8)
70Zn
β−β−−→ 70Ge 962.2 0.467 0.304 0.063(15) 0.00145(42)
76Ge
β−β−−→ 76Se 561.0 0.456a 0.456b 0.070(4) 0.053(19) 0.049(41) 0.00079(51)
80Se
β−β−−→ 80Kr 641.4 0.494 0.193 0.025(9)
82Se
β−β−−→ 82Kr 715.6 0.581a 0.548c 0.051(2) 0.097(31) 0.077(58) 0.00170(83)
100Mo
β−β−−→ 100Ru 537.5 0.675 0.542 0.115(3) 0.111(38) 0.094(3) 0.098(79) 0.00217(129)
104Ru
β−β−−→ 104Pd 456.9 0.740 0.568 0.120(44) 0.115(97) 0.00229(156)
106Cd
ECEC−→ 106Pd 572.2 <0.953 0.371 <0.114(38) <0.097(76) <0.00243(133)
108Cd
ECEC−→ 108Pd 533.4 0.655 0.478 0.099(34)
110Pd
β−β−−→ 110Cd 515.8 0.964 0.500 0.131(47) 0.122(102) 0.00219(143)
112Sn
ECEC−→ 112Cd 937.1 0.910 0.512 0.146(41) 0.101(71) 0.00226(88)
114Cd
β−β−−→ 114Sn 929.2 0.384 0.622 0.071(20)
116Cd
β−β−−→ 116Sn 903.5 0.622 0.499 0.065(2) 0.085(26) 0.064(47) 0.00110(49)
128Te
β−β−−→ 128Xe 593.0 0.319 0.319d 0.028(4) 0.031(10) 0.00058(32)
130Te
β−β−−→ 130Xe 687.8 0.269a 0.269e 0.021(2) 0.021(7) 0.017(13) 0.00036(19)
a Calculated with LECs fitted to charge-exchange reactions.
b Assumed similar to the 76Ge→ 76As matrix element.
c Assumed similar to the 82Rb→ 82Kr matrix element.
d Assumed similar to the 128I→ 128Te matrix element.
e Assumed similar to the 130I→ 130Te matrix element.
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have been measured, they are not included in our com-
parison because their low-energy properties, or those of
the corresponding daughter nuclei, do not resemble those
expected for collective spherical systems.
The middle panel of Fig. 5 shows predicted ET matrix
elements for 2νββ decays into energetically allowed 0+2
states. The matrix elements, calculated with Eq. (43),
are listed in Table III. The ET uncertainties are larger
than those for decays to the ground state because of the
larger impact of high-energy 1+ states. Nonetheless, the
predicted matrix elements for transitions to excited 0+2
and the ground state are similar.
It is especially interesting to compare to the measured
100Mo decay into the 0+2 state of
100Ru. In this case the
SSD approximation given by Eqs. (41) and (42) yields
M2νββGT (0
+
gs → 0+2 ) ≈ 0.040(71) , (48)
which clearly shows (the relative error reaches 180%) that
the contributions from the second and third 1+ states in
the sum in Eq. (40) cannot be neglected. When we take
these two additional terms into account and assume that
the first three contributions add up with the same phase,
the 2νββ matrix element given by Eqs. (43) and (44)
becomes
M2νββGT (0
+
gs → 0+2 ) ≈ 0.098(79) , (49)
with a smaller but still significant relative uncertainty of
80%. We note that the two ET results are consistent with
the experimental value M2νββGT (0
+
gs → 0+2 ) = 0.094(3).
The agreement with the result yielded by Eq. (43) sug-
gests that for this transition the contributions from the
first three 1+ states in Eq. (40) likely add up in phase.
The bottom panel of Fig. 5 shows the ET predictions
for matrix elements of decays into excited 2+1 states, cal-
culated using Eqs. (45) and (46). The values with corre-
sponding uncertainties are listed in Table III. The higher
power of the energy denominator compared to decays to
0+ states suppresses the matrix elements into 2+1 states.
Not a single transition of this type has been detected
experimentally. On the other hand, the expected domi-
nance of the transition through the lowest 1+ state in the
intermediate nucleus reduces the ET uncertainties with
respect to transitions to excited 0+2 states.
The LO 2νββ and 2νECEC results can be systemati-
cally improved, and the uncertainties reduced, at higher
orders in the ET. The cost is to introduce additional
LECs that need to be fitted to data on the energy spectra,
β− and EC decays of the intermediate odd-odd nuclei.
VI. SUMMARY AND OUTLOOK
We have studied β and EC decays within an ET that
treats nuclei as a spherical even-even core that can be
coupled to one additional neutron and/or proton. By fit-
ting the LEC of the effective GT operator to the decay to
the ground state of the daughter nucleus, the matrix el-
ements corresponding to the decays to collective excited
states of the same nucleus are predicted by the ET. We
have also used experimental data on charge-exchange re-
actions to fit the LECs and predict the decay into the
daughter ground state. One of the advantages of the
ET is that it provides a power counting that allow us to
estimate the theoretical uncertainty of the calculations.
When this uncertainty is included, we find good agree-
ment between the ET predictions and experiment. The
consistency covers more than 20 spherical medium-mass
and heavy nuclei. Our results thus suggest that transi-
tions due to the weak interactions can be well described
by the ET at LO.
In addition, we have used data on single-β and/or
EC decays, or GT strengths from charge-exchange reac-
tions, to calculate matrix elements for 2νββ and 2νECEC
decays. We generally assume the SSD approximation,
which is consistent with obtaining results with the ET at
LO. Without modifying the LECs of the first-order pro-
cesses, the ET gives 2νββ decay matrix elements consis-
tent with experiment. In one case the agreement extends
to the 2νββ decay into an excited 0+2 state. Furthermore,
we have predicted several 2νββ and 2νECEC matrix el-
ements into ground and excited 0+2 and 2
+
1 states. Based
on the power counting of the ET, the LO matrix elements
to ground and excited states are predicted consistently.
The validity of the ET will be challenged when future
experiments measure these transitions.
Future work includes a more precise ET calculation.
This will require us to include higher-order corrections
to the Hamiltonian for the odd-odd nuclei, which will
in turn correct our LO approximation for the low-lying
odd-odd states, as well as higher-order corrections to the
effective GT operator. Based on the power counting,
we expect these two kinds of corrections to contribute a
factor of ω/Λ ∼ 30% to the reduced GT matrix elements
for 2νββ decays. Work in these directions is in progress.
In addition, it will be important to perform LO cal-
culations within ETs for axial [49–52] and triaxial [103]
nuclei. This will provide access to nuclei whose ground
states deviate from sphericity, and is thus also expected
to improve the calculations for some nuclei in this work,
whose ground states possess some deformation.
An extension of the ET presented here is also a promis-
ing framework to estimate the matrix elements of 0νββ
decays with theoretical uncertainties. For this purpose,
the effective 0νββ decay operator needs to be written in
terms of the DOF of the ET, and the corresponding LECs
would have to be fixed. Since there is no experimental
data on 0νββ decay yet, the fitting of the LECs can be
validated against other experimental data strongly cor-
related to 0νββ decay. Alternatively, the ET LECs can
be fitted to existing nuclear structure calculations, which
is similar to the strategy followed by interacting boson
model calculations (see, e.g., Ref. [104]). Both strategies
will provide constraints and predictions for the 0νββ ma-
trix elements with ET uncertainties.
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